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We discuss the existence of a non–abelian gauge structure associated with flavor mixing. In the
specific case of two flavor mixing of Dirac neutrino fields, we show that this reformulation allows to
define flavor neutrino states which preserve the Poincare´ structure. Phenomenological consequences
of our analysis are explored.
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I. INTRODUCTION
The study of neutrino mixing and oscillations is of utmost importance in contemporary theoretical and experimental
physics, due to the experimental discovery of neutrino oscillations. At a theoretical level, one important issue is the
one of a correct definition of the flavor states i.e. the ones describing oscillating neutrinos. In the standard quantum
mechanical treatment, the well known Pontecorvo states [1] are used and oscillation formulas are derived, which can
describe efficiently the main aspects of such a phenomenon. However, it is clear that Pontecorvo states are only
approximate since they are not eigenstates of the flavor neutrino charges. Thus Pontecorvo states lead to violation of
the conservation of leptonic charge in the neutrino production vertices [2, 3].
The solution to the above problem has been found in the context of Quantum Field Theory (QFT). Indeed, by
considering mixing at level of fields, rather than postulating it as a property of states, unexpected features emerged [4].
It has been found that field mixing is associated with inequivalent representation of the canonical anticommutation
relations, i.e. the vacuum for the mass eigenstates of neutrinos has been found to be unitarily inequivalent to the
vacuum for the flavor eigenstates of neutrinos – the flavor vacuum. The nonperturbative vacuum structure associated
with field mixing has been found to be a very general feature, independently of the nature of the fields [5–9]. It has
also been shown that it leads to modifications of the flavor oscillation formulae [5, 6, 10, 11].
In QFT flavor states can be straightforwardly defined as eigenstates of the flavor charges which are derived in a
canonical way from the symmetry properties of the neutrino Lagrangian [12]. It has been shown that states defined
in this way restore flavor charge conservation in weak interaction vertices, at tree level [13]. Moreover, such states
turn out to be eigenstates of the momentum operator.
Despite the above mentioned results, the QFT treatment of flavor states still presents some open problems. One
such issue is Lorentz invariance. Indeed, the flavor vacuum is not Lorentz invariant being explicitly time-dependent.
As a consequence, flavor states cannot be interpreted in terms of irreducible representations of the Poincare´ group.
A possible way to recover Poincare´ invariance for mixed fields has been explored in Refs.[14] where non–standard
dispersion relations for the mixed particles have been related to nonlinear realizations of the Poincare´ group [15].
Another interesting issue concerns the invariance of the flavor oscillation formulas under Lorentz boosts [16].
The relation of neutrino masses and mixing with a possible violation of the Poincare´ and CPT symmetries has
been the subject of many efforts in the last decade [17]. A related line of research concerns the use of neutrino mixing
and oscillations as a sensitive probe for quantum gravity effects, as quantum gravity induced decoherence is expected
to affect neutrino oscillations [18]. Such effects have also been connected [19] to the non trivial structure of the flavor
vacuum introduced in [4].
In this paper we propose an approach to the mixing of particles which overcomes the problems mentioned above.
The basic idea is to view the mixing phenomenon as the result of the interaction of the neutrino fields with an external
field, which as we shall see appears to be a non-abelian gauge field. This point of view allows to treat formally the
mixed fields as free fields, avoiding in this way the problems with their interpretation in terms of the Poincare´ group.
The violation of relativistic invariance is now seen as a consequence of the presence of a fixed external field, which
defines a preferred direction in spacetime.
Our approach enables us to define flavor neutrino states which are simultaneous eigenstates of the flavor charges, of
the momentum operators and of a new Hamiltonian operator for the mixed fields whose definition naturally emerges
from our approach. This operator can be interpreted as the energy which can be extracted from flavor neutrinos
through scattering. We discuss a possible test for our theoretical scheme, by looking at mixed neutrinos in the β
decay, where the endpoint of the electron energy spectrum turns out to be different in our approach with respect to
the standard prediction.
In the present paper, we consider only the mixing of two Dirac fermion fields. Similar results hold also for the case
of mixing of boson fields, and for the case of three flavors. An analysis of these instances will be presented elsewhere.
2II. TWO-FLAVOR NEUTRINO MIXING
We begin with the Lagrangian density describing two mixed neutrino fields:
L = ν¯e (i 6∂ −me) νe + ν¯µ (i 6∂ −mµ) νµ − meµ (ν¯e νµ + ν¯µ νe) . (1)
The standard treatment of the problem is based on the observation that this Lagrangian, being quadratic, can be
diagonalized by a canonical transformation of the field operators (called the mixing transformation):
νe = ν1 cos θ + ν2 sin θ (2)
νµ = −ν1 sin θ + ν2 cos θ, (3)
so that one simply gets the sum of two free Dirac Lagrangians:
L = ν¯1 (i 6∂ −m1) ν1 + ν¯2 (i 6∂ −m2) ν2. (4)
In the above equations, θ is the mixing angle and me = m1 cos
2 θ +m2 sin
2 θ, mµ = m1 sin
2 θ +m2 cos
2 θ, meµ =
(m2 −m1) sin θ cos θ .
From the above lagrangian, one can derive the canonical energy-momentum tensor:
Tρσ = ν¯eiγρ∂σνe − ηρσ ν¯e(iγλ∂λ −me)νe + ν¯µiγρ∂σνµ − ηρσ ν¯µ(iγλ∂λ −mµ)νµ + ηρσmeµ(ν¯eνµ + ν¯µνe)
= ν¯1iγρ∂σν1 − ηρσ ν¯1(iγλ∂λ −m1)ν1 + ν¯2iγρ∂σν2 − ηρσ ν¯2(iγλ∂λ −m2)ν2, (5)
where ηρσ = diag(+1,−1,−1,−1) is the Minkowskian metric tensor. From this tensor it follows the total Hamiltonian:
H =
∫
d3xT 00 =
∫
d3x ν†1 (−iα ·∇+ βm1) ν1 +
∫
d3x ν†2 (−iα ·∇+ βm2) ν2. (6)
which is just the sum of the two free field Hamiltonians: H = H1 +H2.
Analogously, a momentum operator is defined as:
P i =
∫
d3xT 0i = i
∫
d3x ν†1∂
iν1 + i
∫
d3x ν†2∂
iν2, i = 1, 2, 3 (7)
which again is the sum of two free field contributions.
To the free fields νi there are associated two conserved (Noether) charges:
Qj =
∫
d3x ν†j (x) νj(x) , j = 1, 2, (8)
with the total charge Q = Q1 +Q2. The analysis of symmetries of the Lagrangian in the flavor basis Eq.(1), leads to
the identification of the (non conserved) flavor charges [12]:
Qσ(x0) =
∫
d3x ν†σ(x) νσ(x) , σ = e, µ, (9)
with Qe(x0) +Qµ(x0) = Q. Flavor charges describe the phenomenon of neutrino oscillations, see Appendix A.
It is interesting to consider the relation among the two sets of charges:
Qe(x0) = cos
2 θ Q1 + sin
2 θ Q2 + sin θ cos θ
∫
d3x
[
ν†1(x)ν2(x) + ν
†
2(x)ν1(x)
]
, (10)
Qµ(x0) = sin
2 θ Q1 + cos
2 θ Q2 − sin θ cos θ
∫
d3x
[
ν†1(x)ν2(x) + ν
†
2(x)ν1(x)
]
. (11)
The appearance of terms that cannot be written in terms of Qj is related to a non-trivial structure of the flavor
Hilbert space [4], see Appendix A.
3III. FLAVOR MIXING AS A NON-ABELIAN GAUGE THEORY
We now show that the Lagrangian Eq.(1) can be formally written as a non-abelian gauge theory. In the following
we shall use the conventions of Ref. [20].
The starting point is the observation that the mixing interaction can be consistently viewed as the interaction of
the flavor neutrino fields with a constant external gauge field. The most direct way of seeing this goes through the
Euler–Lagrange equations corresponding to the Lagrangian (1), namely:
i∂0νe = (−iα ·∇+ βme)νe + βmeµνµ (12)
i∂0νµ = (−iα ·∇+ βmµ)νµ + βmeµνe, (13)
where αi, i = 1, 2, 3 and β are the usual Dirac matrices in a given representation. Here we choose the following
representation:
αi =
(
0 σi
σi 0
)
, β =
(
1I 0
0 −1I
)
, (14)
where σi are the Pauli matrices and 1I is the 2× 2 identity matrix. The Euler–Lagrange equations can be compactly
written as follows:
iD0νf = (−iα ·∇+ βMd)νf , (15)
where νf = (νe, νµ)
T is the flavor doublet and Md = diag(me,mµ) is a diagonal mass matrix. We have defined the
(non-abelian) covariant derivative:
D0 := ∂0 + imeµ β σ1, (16)
where meµ =
1
2 tan 2θ δm, and δm := mµ −me.
We thus see that flavor mixing can be seen as an interaction of the flavor fields with an SU(2) constant gauge field
having the following structure:
Aµ :=
1
2
Aaµσa = nµδm
σ1
2
∈ su(2), nµ := (1, 0, 0, 0)T , (17)
that is, having only the temporal component in spacetime and only the first component in su(2) space. In terms of
this connection, the covariant derivative can be written in the form:
Dµ = ∂µ + i g β Aµ, (18)
where we have defined g := tan 2θ as the coupling constant for the mixing interaction. Note that in the case of
maximal mixing (θ = π/4), the coupling constant grows to infinity while δm goes to zero. We further note that,
since the gauge connection is a constant, with just one non-zero component in group space, its field strength vanishes
identically:
F aµν = ǫ
abcAbµA
c
ν = 0, (19)
with a, b, c = 1, 2, 3. The fact that, despite Fµν vanishes identically, the gauge field has physical effects, leads to an
analogy with the Aharonov–Bohm effect [21].
Finally, the equations of motion for the mixed fields can be cast in a manifestly covariant form:
(iγµDµ −Md)νf = 0, (20)
and the Lagrangian density (1) has the form of the one describing a doublet of Dirac fields in interaction with an
external Yang-Mills field:
L = ν¯f (iγµDµ −Md)νf . (21)
4A. Energy-momentum tensor and 4-momentum operator
In this Section we study the energy momentum tensor associated with the flavor neutrino fields in interaction with
the external gauge field. This object can be computed by means of the standard procedure [20]. One finds:
T˜ρσ = ν¯f iγρDσνf − ηρσ ν¯f (iγλDλ −Md)νf . (22)
This expression is to be compared with the one of the canonical energy momentum tensor given in Eq.(5) from
which we see that the difference between the two is just the presence of the interaction terms in the 00 component,
i.e. T00 − T˜00 = meµ(ν¯eνµ + ν¯µνe), while we have T0i = T˜0i, Tij = T˜ij .
The tensor T˜µν is not conserved on-shell. In particular we have:
∂ρT˜ρi = 0; ∂
ρT˜ρ0 6= 0. (23)
Note that without the β matrix appearing in the covariant derivative (16) we would have found: ∂µT˜µν = gFµνaj
µ
a = 0,
i.e. the energy-momentum tensor would have been conserved. In the present case [γµ, D0] 6= 0, in consequence of the
presence of the β matrix in D0.
We also note that the matter current jµa has only one component in group space:
jρ1 = ν¯fγ
ρ σ1
2
νf =
1
2
(ν¯eγ
ρνµ + ν¯µγ
ρνe) = J
ρ
f,1, (24)
where Jρf,1 is the Noether current associated to the Lagrangian density (21) under the SU(2) transformation [12]:
ν′f = e
imeµλ1
σ1
2 νf . (25)
Following the usual procedure, we now define a 4-momentum operator P˜µ by taking the 0i and 00 components of
T˜ µν and integrating them over 3−space. We obtain a conserved 3−momentum operator:
P˜ i =
∫
d3x T˜ 0i = i
∫
d3x ν†f∂
iνf
= i
∫
d3x ν†e∂
iνe + i
∫
d3x ν†µ∂
iνµ
≡ P˜ ie(x0) + P˜ iµ(x0), i = 1, 2, 3 (26)
and a non conserved Hamiltonian operator:
P˜ 0(x0) ≡ H˜(x0) =
∫
d3x T˜ 00 =
∫
d3x ν¯f (iγ0D0 − iγµDµ +Md) νf
=
∫
d3x ν†e (−iα ·∇+ βme) νe +
∫
d3x ν†µ (−iα ·∇+ βmµ) νµ
≡ H˜e(x0) + H˜µ(x0). (27)
We see that both the Hamiltonian and the momentum operators split in a natural way in a contribution involving
only the electron neutrino field and in another where only the muon neutrino field appears. In such a way, we have a
natural definition of a Hamiltonian and momentum operators for each flavor field.
We remark that the tilde Hamiltonian is not the generator of time translations. This role competes to the complete
Hamiltonian H =
∫
d3xT 00, which includes the interaction term.
IV. FLAVOR NEUTRINO STATES AND LORENTZ INVARIANCE
Till now our considerations have been purely classical. Now we want to pass to the quantum theory. Our purpose is
to construct flavor neutrino states which are simultaneous eigenstates of the 4−momentum operators above constructed
and of the flavor charges. Of course this is a highly nontrivial request. We will see that such states can indeed be
constructed, but this involves a nontrivial redefinition of the flavor vacuum which will also erase any reference to the
ν1 and ν2 fields.
5As shown in Appendix A, the flavor neutrino field operators can be expanded in the same basis as the free fields
with masses m1 and m2:
νσ(x) =
∫
d3k
(2π)3/2
∑
r
[
urk,j(x0)α
r
k,σ(x0) + v
r
−k,j(x0)β
r†
−k,σ(x0)
]
eik·x, (σ, j) = (e, 1)(µ, 2), (28)
where αk,σ and β−k,σ are the flavor ladder operators [4]. In the same Appendix we show that flavor neutrino states,
defined as |νrk,σ〉 = αr†k,σ|0〉e,µ, are eigenstates of the flavor charge operators Qσ, at a given time. They turn out also
to be eigenstates of the momentum operators P i =
∫
d3xT 0i. However, since the Hamiltonian operator H does not
commute with the charges Qσ, the above flavor states do not have definite energies.
We will now show that this problem can be solved by noting that the expansion (28) actually relies on a special
choice of the bases of spinors, namely those referring to the free field masses m1, m2. It is however always possible to
perform a Bogoliubov transformation in order to expand the field operators in a different basis of spinors, referring
to an arbitrarily chosen couple of mass parameters [5]. Let µσ, σ = e, µ be such a couple of arbitrary parameters.
The Bogoliubov transformation to be performed is the following:(
α˜rk,σ(x0)
β˜r†−k,σ(x0)
)
= J−1µ (x0)
(
αrk,σ(x0)
βr†−k,σ(x0)
)
Jµ(x0), (29)
where the generator is [5]:
Jµ(x0) =
∏
k,r
exp

i
∑
(σ,j)
ξkσ,j
[
αr†
k,σ(x0)β
r†
−k,σ(x0) + β
r
−k,σ(x0)α
r
k,σ(x0)
]
 , (σ, j) = (e, 1), (µ, 2), (30)
and ξkσ,j = (χσ − χj)/2 and χσ = arctan(µσ/|k|), χj = arctan(mj/|k|).
The explicit form of the transformation (29) is the following:(
α˜rk,σ(x0)
β˜r†−k,σ(x0)
)
=
(
ρkσ,j iλ
k
σ,j
iλkσ,j ρ
k
σ,j
)(
αrk,σ(x0)
βr†−k,σ(x0)
)
, (σ, j) = (e, 1), (µ, 2), (31)
where ρkσ,j = cos ξ
k
σ,j and λ
k
σ,j = sin ξ
k
σ,j .
We have thus a whole family of flavor vacua, denoted with a tilde and parameterized by the couples (µe, µµ):
|0˜(x0)〉eµ = J−1µ (x0)|0(x0)〉eµ. (32)
The original flavor vacuum is of course the one associated with the couple (m1,m2).
Notice that the flavor charges, as well as the exact oscillation formulae are invariant under the above Bogoliubov
transformations [22], i.e. Q˜σ = Qσ, with:
Q˜σ(x0) =
∑
r
∫
d3k
(
α˜r†kσ(x0)α˜
r
kσ(x0)− β˜r†−kσ(x0)β˜r−kσ(x0)
)
. (33)
In the context of the above reformulation of mixing as a gauge theory, it seems natural to expand the flavor fields
in the bases corresponding to the couple of masses (me,mµ). We will discover that precisely those values are singled
out by the requirement that the flavor states be eigenstates of the Hamiltonian operator.
The new spinors are defined as the solutions of the equations:
(−α · k+mσβ)urk,σ = ωk,σurk,σ (34)
(−α · k+mσβ)vr−k,σ = −ωk,σvr−k,σ, (35)
where ωk,σ =
√
k2 +m2σ. These are the momentum space version of the free Dirac equation with mass mσ.
The flavor field operators are then expanded as follows:
νσ(x) =
∫
d3k
(2π)3/2
∑
r
[
urk,σ(x0)α˜
r
k,σ(x0) + v
r
−k,σ(x0)β˜
r†
−k,σ(x0)
]
eik·x, σ = e, µ, (36)
with urk,σ(x0) = u
r
k,σe
−iωk,σx0 , vr−k,σ(x0) = v
r
−k,σe
iωk,σx0 . Here and in the following the tilde operators are those
corresponding to the specific couple (me,mµ). With these definitions all the calculations at a fixed instant of time x0
6can be performed in exactly the same way they are done in the free field case. The explicit time dependence of the
creation and destruction operators, which is of course due to the interaction with the external field and is not present
in the free field case, does not create problems as the states which are acted upon by the operators are evaluated at
the same time as the operators themselves and the commutators are all considered at equal times.
In terms of the tilde flavor ladder operators, the Hamiltonian and momentum operators Eqs.(26),(27) read:
P˜σ(x0) =
∑
r
∫
d3k k
(
α˜r†k,σ(x0)α˜
r
k,σ(x0) + β˜
r†
k,σ(x0)β˜
r
k,σ(x0)
)
, (37)
H˜σ(x0) =
∑
r
∫
d3kωk,σ
(
α˜r†k,σ(x0) α˜
r
k,σ(x0)− β˜rk,σ(x0) β˜r†k,σ(x0)
)
. (38)
The new flavor states are defined by the action of the tilde creation operator on the tilde flavor vacuum:
|ν˜ rk,σ(x0)〉 = α˜r†k,σ(x0)|0˜(x0)〉eµ. (39)
We easily find the result that these single particle states are eigenstates of both the Hamiltonian and the momentum
operator: (
H˜σ(x0)
P˜σ(x0)
)
|ν˜ rk,σ(x0)〉 =
(
ωk,σ
k
)
|ν˜ rk,σ(x0)〉, (40)
making explicit the 4−vector structure.
It can be also verified that the flavor charges commute with the tilde Hamiltonian operator: [Q˜σ(x0), H˜(x0)] = 0,
as a consequence of:
[Q˜σ(x0), H˜σ′ (x0)] = 0, σ, σ
′ = e, µ. (41)
This is of course a consequence of the fact that the flavor nonconservation is entirely due to the interaction term,
which is absent in H˜ . This fact ensures the existence of a common set of eigenstates of these operators. Indeed the
flavor states (39) are straightforwardly seen to be also eigenstates of the flavor charges:
Q˜σ(x0)|ν˜ rk,σ(x0)〉 = |ν˜ rk,σ(x0)〉, (42)
thus confirming that these are precisely the states we were looking for.
We would like to conclude this Section by making some observations on the algebra of the generators descending
from the energy-momentum tensor (22). All the generators are defined in the usual way. Besides the translation
generators defined by Eqs.(26) and (27), we have the Lorentz generators, defined as:
M˜λρ(x0) =
∫
d3x
(
T˜ 0ρxλ − T˜ 0λxρ
)
+
1
2
∫
d3x ν†fσ
λρνf = M˜
λρ
e (x0) + M˜
λρ
µ (x0), (43)
where σµν = − i2 [γµ, γν ]. The algebra of (equal-time) commutators of these generators will be just the direct sum of
two Poincare´ algebras (we omit the specification of the instant of time):
[P˜µσ , P˜
ν
σ′ ] = 0 ; [M˜
µν
σ , P˜
λ
σ′ ] = iδσσ′
(
ηµλP˜ νσ − ηνλP˜µσ
)
;
[M˜µνσ , M˜
λρ
σ′ ] = iδσσ′
(
ηµλM˜νρσ − ηνλM˜µρσ − ηµρM˜νλσ + ηνρM˜µλσ
)
, σ, σ′ = e, µ. (44)
Note that the above construction and the consequent Poincare´ invariance, holds at a given time x0. Thus, for each
different time, we have a different Poincare´ structure.
A. Phenomenological consequences
The above analysis leads us to the view that the flavor fields νe and νµ should be regarded as fundamental. This
fact has some interesting consequences at phenomenological level. Indeed, if we consider a charged current process
in which for example an electron neutrino is created, we see that the hypothesis that mixing is due to interaction
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FIG. 1: The tail of the tritium β spectrum for: - a massless neutrino (dotted line); - fundamental flavor states (continuous
line); - superposed prediction for 2 mass states (short-dashed line): notice the inflexion in the spectrum where the most massive
state switches off. We used me = 1.75 KeV, m1 = 1 KeV, m2 = 4 KeV, θ = pi/6.
with an external field, implies that what is created in the vertex is really |νe〉, rather than |ν1〉 or |ν2〉. As remarked
above, such an interpretation is made possible because we can regard, at any given time, flavor fields as on shell fields,
associated with masses me and mµ.
We consider the case of a beta decay process, say for definiteness tritium decay, which allows for a direct investigation
of neutrino mass. In the following we compare the various possible outcomes of this experiment predicted by the
different theoretical possibilities for the nature of mixed neutrinos. As we shall see, the scenario described above
presents significative phenomenological differences with respect to the standard theory.
Let us then consider the decay:
A→ B + e− + ν¯e,
where A and B are two nuclei (e.g. 3H and 3He).
The electron spectrum is proportional to phase volume factor EpEepe:
dN
dK
= CEp (Q−K)
√
(Q−K)2 − m2ν (45)
where E = m+K and p =
√
E2 −m2 are electron’s energy and momentum. The endpoint of β decay is the maximal
kinetic energy Kmax the electron can take (constrained by the available energy Q = EA−EB−m ≈ mA−mB−m). In
the case of tritium decay, Q = 18.6 KeV. Q is shared between the (unmeasured) neutrino energy and the (measured)
electron kinetic energy K.It is clear that if the neutrino were massless, then mν = 0 and Kmax = Q. On the other
hand, if the neutrino were a mass eigenstate with mν = m1, then Kmax = Q−m1.
We now consider the various possibilities which can arise in the presence of mixing. If, following the common
wisdom, neutrinos with masses m1 and m2 are considered as fundamental, the β spectrum is:
dN
dK
= CEpEe
∑
j
|Uej |2
√
E2e −m2j Θ(Ee −mj), (46)
where Ee = Q − K and Uej = (cos θ, sin θ) and Θ(Ee − mj) is the Heaviside step function. The end point is at
K = Q−m1 and the spectrum has an inflexion at K ≃ Q−m2.
If on the other hand we take flavor neutrinos as fundamental according to the above scheme, we have that mν = me
and Kmax = Q−me and the spectrum is proportional to the phase volume factor EpEepe:
dN
dK
= CEp (Q−K)
√
(Q−K)2 − m2e Θ(Ee −me). (47)
8The above discussed possibilities are plotted in Fig.(1), together with the spectrum for a massless neutrino, for
comparison. We note that the next generation tritium beta decay experiments will allow a sub-eV sensitivity for the
electron neutrino mass [23], thus hopefully allowing to unveil the true nature of mixed neutrinos.
Finally we point out that also in the neutrino detection process, it would be possible to discriminate among the
various scenarios above considered. In such a case, our scheme would imply that in each detection vertex, either an
electron neutrino or a muon neutrino would take part to the process. Again, this is in contrast with the standard
view, which assumes that either ν1 or ν2 are entering in the elementary processes.
V. DISCUSSION AND CONCLUSIONS
In this paper we have studied a non-abelian gauge structure associated to flavor mixing. In this framework flavor
neutrino fields are taken to be on-shell fields with definite masses me and mµ, which are different from those of
the mass eigenstates of the standard approach, m1 and m2. Flavor oscillations then arise as a consequence of the
interaction with the gauge field, which acts as a sort of refractive medium – neutrino aether.
It would be interesting to explore the properties of such a medium and possible optical analogs of this situation. A
very interesting example in this respect has been given recently in Ref.[24]. Another interesting analogy can be drawn
with recent studies in which, for the case of photons, the vacuum has been thought to act as a refractive medium in
consequence of quantum gravity fluctuations [25].
The gauge structure associated to flavor mixing has the very interesting property of arising across different fermion
generations, thus having a different (“horizontal”) nature with respect the gauge structure of the Standard Model.
A natural question that comes in concerns the origin of the external gauge field which causes the mixing. This could
also have some connection to quantum gravity models that sometimes are invoked to explain the origin of mixing [26].
Another outcome of our analysis is that we could recover, at least locally in time, a Poincare´ structure for the flavor
states. This is possible since we could define a Hamiltonian operator that commutes with the flavor charges, thus
allowing for simultaneous eigenstates. In this scheme where the fields νe and νµ are taken to be fundamental, one
avoids any reference to the fields ν1 and ν2. As pointed out, this leads to phenomenological consequences that can be
possibly tested in experiments on beta decay.
A final consideration concerns the interpretation of the Hamiltonian operator H˜ which, as already remarked, does
not take into account the interaction energy, i.e. the energy associated with mixing. We can thus view H˜ as the
sum of the kinetic energies of the flavor neutrinos, or equivalently as the energy which can be extracted from flavored
neutrinos by scattering processes, the mixing energy being “frozen” (there’s no way to turn off the mixing!). This
suggests the interpretation of such a quantity as a “free” energy F ≡ H˜ , so that we can write:
H − F = TS. (48)
This quantity defines an entropy associated with flavor mixing. It is natural to identify the “temperature” T with
the coupling constant g = tan 2θ, thus leading to:
S =
∫
d3x ν¯fA0νf =
1
2
δm
∫
d3x (ν¯eνµ + ν¯µνe). (49)
The appearance of an entropy should not be surprising, since each of the two flavor neutrinos can be considered as
an open system which presents some kind of (cyclic) dissipation. This situation can be handled by use of well known
methods of Thermo Field Dynamics [27] developed for the study of quantum dissipative systems [28].
The explicit expression for the expectation values of the entropy on the flavor neutrino states is quite complicated,
and thus not very illuminating. An attempt at an interpretation of it is given in Appendix B in the much simpler
context of Quantum Mechanics. There it is shown that at a given time, the difference of the expectation values of the
muon and electron free energies is less than the total initial energy of the flavor neutrino state. The missing part is
proportional to the expectation value of the entropy.
The scenario emerged in this work, and in particular the last considerations, is consistent with an interpretation of
the gauge field as a reservoir, first put forward in [29].
Finally, we point out that recent work [30–32] has shown that a time dependent entanglement entropy is associated
with neutrino mixing and oscillations. It is an interesting question the one of the connection of the latter to the above
entropy.
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Appendix A: Mixing of quantum neutrino fields
In this appendix we briefly recall the quantization for mixed fields, as given in Refs.[4, 10, 12]. We start from the
free fields ν1 and ν2, whose Fourier expansions are:
νj(x) =
∫
d3k
(2π)3/2
∑
r
[
urk,j(x0)α
r
k,j + v
r
−k,j(x0)β
r†
−k,j
]
eik·x, j = 1, 2, (A1)
with urk,j(x0) = u
r
k,je
−iωk,jx0 , vr−k,j(x0) = v
r
−k,je
iωk,jx0 , and ωk,j =
√
k2 +m2j . The operators α
r
k,j and β
r
−k,j ,
j = 1, 2, r = 1, 2 are the annihilation operators for the vacuum state |0〉1,2 = |0〉1 ⊗ |0〉2: αrk,j|0〉1,2, βr−k,j |0〉1,2 = 0.
The canonical anticommutation relations are: {ναi (x), νβ†j (y)}x0=y0 = δ3(x − y)δαβδij with α, β = 1, . . . , 4 and
{αrk,i, αs†q,j} = δkqδrsδij ; {βrk,i, βs†q,j} = δkqδrsδij , with i, j = 1, 2. All other anticommutators are zero. The ortonormal-
ity and completeness relations are: ur†k,ju
s
k,j = v
r†
k,jv
s
k,j = δrs, u
r†
k,jv
s
−k,j = v
r†
−k,ju
s
k,j = 0,
∑
r(u
r
k,ju
r†
k,j+v
r
−k,jv
r†
−k,j) = 1.
We construct the generator for the mixing transformations (2) as:
νασ (x) = G
−1
θ (x0)ν
α
j Gθ(x0) , (σ, j) = (e, 1), (µ, 2), (A2)
with Gθ(x0) given by:
Gθ(x0) = exp
[
θ
∫
d3x
(
ν†1(x)ν2(x)− ν†2(x)ν1(x)
)]
, (A3)
At finite volume Gθ is a unitary operator: G
−1
θ (x0) = G−θ(x0) = G
†
θ(x0), preserving the canonical anticommutation
relations. G−1θ (x0) maps the Hilbert space for the free fields H1,2 to the Hilbert space for the mixed fields He,µ:
G−1θ (x0) : H1,2 → He,µ. In particular for the vacuum |0〉1,2 we have, at finite volume V :
|0(x0)〉e,µ = G−1θ (x0) |0〉1,2 ; (A4)
|0〉e,µ is the vacuum for the Hilbert space He,µ, which we will refer us to as the flavor vacuum.
In the limit V →∞ the flavor vacuum becomes orthogonal to the vacuum of the free fields, which means that the
two Hilbert spaces are unitarily inequivalent. Due to the linearity of Gθ(x0), we can define the flavor annihilators as:
αrk,σ(x0) ≡ G−1θ (x0) αrk,j Gθ(x0), (σ, j) = (e, 1), (µ, 2) (A5)
and similar ones for the antiparticle operators. In the reference frame for which k = (0, 0, |k|), the electron neutrino
annihilation operator has the form:
αrk,e(x0) = cos θ α
r
k,1 + sin θ
(
Uk(x0) α
r
k,2 + ǫ
r Vk(x0) β
r†
−k,2
)
, (A6)
and similar expressions hold for the other ladder operators [4]. Here ǫr = (−1)r and:
Uk(x0) ≡ ur†k,2(x0)urk,1(x0) = vr†−k,1(x0)vr−k,2(x0); (A7)
Vk(x0) ≡ ǫr ur†k,1(x0)vr−k,2(x0) = −ǫr ur†k,2(x0)vr−k,1(x0), (A8)
and we have Uk(x0) = |Uk| ei(ωk,2−ωk,1)x0 , Vk(x0) = |Vk| ei(ωk,2+ωk,1)x0 , with |Uk|2 + |Vk|2 = 1.
The flavor fields are then rewritten in the form:
νσ(x) =
∫
d3k
(2π)3/2
∑
r
[
urk,j(x0)α
r
k,σ(x0) + v
r
−k,j(x0)β
r†
−k,σ(x0)
]
eik·x, (σ, j) = (e, 1), (µ, 2), (A9)
i.e. they can be expanded in the same bases as the fields νi.
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The symmetry properties of the Lagrangian (1) have been studied in Ref. [12]: one has a total conserved charge Q
associated with the global U(1) symmetry and time-dependent charges associated to the (broken) SU(2) symmetry.
Such charges are the relevant physical quantities for the study of flavor oscillations. They are also essential in the
definition of physical flavor neutrino states, as the one produced in beta decay, for example.
We obtain for the flavor charges Eq.(9) the expansion [12]:
Qσ(x0) =
∑
r
∫
d3k
(
αr†k,σ(x0)α
r
k,σ(x0)− βr†−k,σ(x0)βr−k,σ(x0)
)
. (A10)
Flavor neutrino states are defined as eigenstates of the flavor charges:
Qσ(x0)|νkσ (x0)〉 = |νkσ (x0)〉, (A11)
with |νkσ (x0)〉 = αr†k,σ(x0)|0(x0)〉e,µ, and similar ones for antiparticles.
Note that the flavor charges do not commute with the Hamiltonian of the system:
[H,Qσ(x0)] 6= 0, σ = e, µ (A12)
with the consequence that they are not conserved by time evolution. This of course gives rise to the oscillation
phenomenon. The Hamiltonian and the flavor charges are thus non compatible observables, with the consequence
that one cannot measure simultaneously the total energy and the flavor of an oscillating neutrino. The flavor states
are however eigenstates of the momentum operator Eq. (7):
P|νkσ (x0)〉 = k|νkσ (x0)〉.
The flavor oscillation formulas are derived by computing, in the Heisenberg representation, the expectation value
of the flavor charge operators on the flavor state. We have
e,µ〈0| :: Qσ(x0) :: |0〉e,µ = 0, (A13)
where :: ... :: denotes normal ordering with respect to the vacuum |0〉e,µ, defined in the usual way as :: A ::≡
A − e,µ〈0|A|0〉e,µ for a generic operator A. The result is [10]:
Qkνe→νe(x0) = 〈νrk,e| :: Qe(x0) :: |νrk,e〉
= 1− sin2(2θ)
[
|Uk|2 sin2
(
ωk,2 − ωk,1
2
x0
)
+ |Vk|2 sin2
(
ωk,2 + ωk,1
2
x0
)]
, (A14)
Qkνe→νµ(x0) = 〈νrk,e| :: Qµ(x0) :: |νrk,e〉 = 1 − Qkνe→νe(x0). (A15)
In the relativistic limit: |k| ≫ √m1m2, we have |Uk|2 −→ 1 and |Vk|2 −→ 0 and the traditional oscillation formulas
are recovered.
Appendix B: The case of Quantum Mechanics
In this appendix we develop a similar analysis to the one given in this paper to the case of mixing in Quantum
Mechanics. This is useful for the interpretation of the results, which in this case have a much simpler form.
In a QM context, the flavor (fermionic) annihilation operators are defined by the relations:
αe(t) = cos θ α1(t) + sin θ α2(t) (B1)
αµ(t) = − sin θ α1(t) + cos θ α2(t), (B2)
where αi(t) = e
iωitαi, i = 1, 2. The flavor states are given by:
|νσ(t)〉 = α†σ(t)|0〉m, σ = e, µ, (B3)
where |0〉m = |0〉1 ⊗ |0〉2 is the vacuum for the mass eigenstates. We use the notation |νσ〉 = |νσ(t = 0)〉. The
Hamiltonian of the system is:
H = ωeα
†
e(t)αe(t) + ωµα
†
µ(t)αµ(t) + ωeµ
[
α†e(t)αµ(t) + α
†
µ(t)αe(t)
]
= ω1α
†
1α1 + ω2α
†
2α2, (B4)
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FIG. 2: Plot of expectation values on |νe(0)〉 of Fe(t) (long-dashed line), Fµ(t) (short-dashed line) and 2TSe(t) (solid line). We
used rescaled dimensionless time T = (ω2 − ω1)t and θ = pi/6. The scale on the vertical axis is normalized to ωµ.
where ωe = ω1 cos
2 θ + ω2 sin
2 θ, ωµ = ω1 sin
2 θ + ω2 cos
2 θ, ωeµ = (ω2 − ω1) sin θ cos θ.
In analogy with the QFT case we define the covariant derivative:
Dt =
d
dt
+ igA =
d
dt
+ iωeµσ1, (B5)
where we have ωeµ =
1
2 tan 2θδω, δω = ωµ − ωe, and we have defined A := δω σ12 . Using this covariant derivative the
equations of motion read:
Dt αf = −iωd αf , (B6)
where αf = (αe, αµ)
T and ωd = diag(ωe, ωµ). The Hamiltonian can then be written in the form:
H = α†fωdαf + gα
†
fAαf . (B7)
The diagonal part of the above expression can be readily split into separate contributions for each flavor
H˜(t) = α†fωdαf = ωeα
†
e(t)αe(t) + ωµα
†
µ(t)αµ(t) = H˜e(t) + H˜µ(t). (B8)
Note that expectation values of the flavor number operators on the single particle flavor neutrino states at time zero
give the oscillation probabilities:
〈νe(0)|Ne(t)|νe(0)〉 = Pνe→νe(t) = 1− sin2 2θ sin2
(
ω2 − ω1
2
t
)
; (B9)
〈νe(0)|Nµ(t)|νe(0)〉 = Pνe→νµ(t) = sin2 2θ sin2
(
ω2 − ω1
2
t
)
. (B10)
Thus we have:
〈νe(0)|H˜e(t)|νe(0)〉 = ωePνe→νe(t); (B11)
〈νe(0)|H˜µ(t)|νe(0)〉 = ωµPνe→νµ (t). (B12)
In analogy with the field theoretical case, we regard these “free” Hamiltonians as free energies, and we write:
H =
∑
σ=e,µ
(Fσ(t) + TSσ(t)), (B13)
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where we make the identifications g ≡ T and:
Sσ(t) =
1
4
δω
[
α†e(t)αµ(t) + α
†
µ(t)αe(t)
]
. (B14)
We have:
〈νe(0)|Se(t)|νe(0)〉 = 〈νe(0)|Sµ(t)|νe(0)〉 = −1
4
δω sin 4θ sin2
[
1
2
(ω2 − ω1)t
]
. (B15)
All the expectation values obtained are summarized in the following table, from which we immediately see how the
energetic balance is recovered. The situation for an electron neutrino state is represented in Fig. 2 for sample values
of the parameters.
H Fe Fµ TSe = TSµ
|νe(0)〉 ωe ωe(1− P (t)) ωµP (t)
1
2
δωP (t)
|νµ(0)〉 ωµ ωµP (t) ωe(1− P (t)) −
1
2
δωP (t)
TABLE I: Energetic balance for flavor neutrino states. P (t) denotes the transition probability Pνe→νµ(t).
Note finally that the integral of the entropy expectation value over an oscillation cycle, is only dependent on the
mixing angle: ∫ τ
0
〈νe(0)|Se(t)|νe(0)〉 dt = π cos2 2θ sin 2θ. (B16)
where the period τ = 2piω2−ω1 . It is interesting to compare this result with the geometric invariants discussed in Ref.[33].
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